
Kantowski–Sachs universe

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

2006 J. Phys. A: Math. Gen. 39 6635

(http://iopscience.iop.org/0305-4470/39/21/S63)

Download details:

IP Address: 171.66.16.105

The article was downloaded on 03/06/2010 at 04:34

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/39/21
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


INSTITUTE OF PHYSICS PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND GENERAL

J. Phys. A: Math. Gen. 39 (2006) 6635–6640 doi:10.1088/0305-4470/39/21/S63

Kantowski–Sachs universe

V V Obukhov, A N Makarenko and K E Osetrin

Laboratory for Fundamental Study, Tomsk State Pedagogical University, Russia

E-mail: obukhov@tspu.edu.ru, makarenko@tspu.edu.ru and osetrin@tspu.edu.ru

Received 2 December 2005
Published 10 May 2006
Online at stacks.iop.org/JPhysA/39/6635

Abstract
We consider the brane Kantowski–Sachs universe when bulk space is five-
dimensional anti-de Sitter space. The corresponding cosmological equations
with perfect fluid are written. For several specific choices of relation between
energy and pressure, the behaviour of scale factors at early time is found.
In particular for γ = 3/2, Kantowski–Sachs brane cosmology is modified to
become the isotropic one, while for γ = 1 it remains the anisotropic cosmology
in the process of evolution.

PACS numbers: 98.80.Jk, 98.80.−k, 98.80.Es

1. Introduction

Since the work by Randall–Sundrum [1], it was realized that brane cosmology is quite similar
to the standard four-dimensional cosmology at late times. However, it may significantly differ
from the standard cosmology at early times. Nevertheless, the brane gravity shows Newtonian
behaviour despite the fact that braneworld is five-dimensional.

In standard as well as in brane cosmology it is quite possible that the early universe could
be the anisotropic one. During the evolution, the anisotropy stage should quickly be changed
to the isotropic stage due to classical or quantum matter effects, or due to the modification
of the gravity theory or by some other phenomena. In the present paper we discuss the
brane Kantowski–Sachs (KS) cosmology and compare it with the standard Kantowski–Sachs
cosmology in Einstein gravity for some specific matter choice. It is shown that the brane KS
cosmology may quickly become isotropic for some choices of matter.

2. Standard versus brane Kantowski–Sachs cosmology

2.1.

We start from the five-dimensional braneworld which is defined by the condition Y (XI ) = 0,
where I = 0, 1, 2, 3, 4 are five-dimensional coordinates. The starting action in the
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five-dimensional space is [2, 3]:

S =
∫

d5X
√−g5

(
1

2k2
5

R5 − �5

)
+

∫
Y=0

d4x
√−g

(
1

k2
5

K± − λ + Lm

)
, (1)

with k2
5 = 8πG5 being the five-dimensional gravitational coupling constant and xµ, (µ =

0, 1, 2, 3) the induced four-dimensional brane coordinates. R5 is the 5D intrinsic curvature in
the bulk and K± is the intrinsic curvature on either side of the brane.

The 5D Einstein equation has the form

(5)GIJ = k2
5

(5)TIJ , (5)TIJ = −�5
(5)gIJ + δ(Y )

[−λgIJ + T m
IJ

]
.

Assuming a metric of the form ds2 = (nInJ + gIJ ) dxI dxJ , with nI dxI = dξ the unit
normal to the ξ = const hypersurfaces and gIJ the induced metric on ξ = const hypersurfaces,
the effective four-dimensional gravitational equations on the brane take the form [2–4]:

Gµν = −�gµν + k2
4Tµν + k4

5Sµν − Eµν, (2)

where

Sµν = 1

12
T Tµν − 1

4
T α

µ Tαν +
1

24
gµν(3T αβTαβ − T 2),

and � = k2
5

(
�5 + k2

5λ
2
/

6
)
, k2

4 = k2
5λ

2
/

6 and EIJ = CIAJBnAnB . CIAJB is the five-
dimensional Weyl tensor in the bulk and λ is the vacuum energy on the brane. Tµν is the matter
energy–momentum tensor on the brane with components T 0

0 = −ρ, T 1
1 = T 2

2 = T 3
3 = p and

T = T µ
µ is the trace of the energy–momentum tensor. One chooses p = (γ − 1)ρ, hence

1 � γ � 2.
From equation (2) it follows that there exist several cases:

(1) conventional Einstein theory (CET) which is 4D and

(2) brane cosmology (BC) which includes 5D effects.

These cases originate from different relations between CET and braneworld scenario
which can lead to two types of corrections: (a) the matter fields contribute local ‘quadratic’
energy–momentum correction via the tensor Sµν and (b) the ‘nonlocal’ effects via bulk Weyl
tensor.

We will consider the brane metric in the Kantowski–Sachs form [5, 6]:

ds2 = −dt2 + a1(t)
2dr2 + a2(t)

2(dθ2 + sin2 θ dϕ2).

The following variables are convenient to introduce:

V = a1a
2
2, (3)

Hi = ȧi

ai

, H = 1

3
(H1 + 2H2) = V̇

3V
. (4)

2.2.

In this case the Einstein equation is

Gµν = −�gµν + k2
4Tµν, ∇µT µν = 0, (5)
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with Gµν being the Einstein tensor (4D), � the cosmological constant, k4 the gravitational
coupling, k2

4 = 8πG. These equations for Kantowski–Sachs universe become

ȧ2
2

a2
2

+ 2
ȧ1ȧ2

a1a2
+

1

a2
2

= � + k2
4ρ,

2
ä2

a2
+

ȧ2
2

a2
2

+
1

a2
2

= � + k2
4ρ(1 − γ ),

ä1

a1
+

ä2

a2
+

ȧ1ȧ2

a1a2
= � + k2

4ρ(1 − γ ),

ρ̇ + γρ

(
ȧ1

a1
+ 2

ȧ2

a2

)
= 0.

(6)

Equation (6) can be easily solved to describe the time evolution law of the energy density
of the fluid:

ρ = ρ0V
−γ , ρ0 = constant > 0.

One can rewrite this equation in another form:

d

dt
(V H1) = �V +

1

2
k2

4ρ0V
1−γ (2 − γ ), (7)

d

dt
(V H2) = �V +

1

2
k2

4ρ0V
1−γ (2 − γ ) − a1, (8)

3Ḣ + H 2
1 + 2H 2

2 = � +
1

2
k2

4ρ0V
−γ (2 − 3γ ). (9)

From the first two equations, the equation for V may be written as

V̈ = 3�V + 3
2k2

4ρ0V
1−γ (2 − γ ) − 2a1. (10)

The equation can be partly integrated:

V̇ =
√

3�V 2 + 3k2
4ρ0V 2−γ − 2

∫
a1 dV . (11)

From (7) and (8) it follows that

H1 = H +
2

3V
K, H2 = H − 1

3V
K, K =

∫
a1 dt.

If we substitute these equations into (9) then

−2a1V +
4

3

∫
a1 dV +

2

3

(∫
a1 dt

)2

= 0. (12)

Let us consider the asymptotic behaviour. If V is large then solution has the simple form

V = a e
√

3�t , H1 = H2.

Using definitions (3) and (4), we obtain

a1 = a

b2
e
√

�/3t , a2 = b e
√

�/3t , (13)

where a and b are constants, � is not zero. The behaviour of the system does not depend on
γ and the anisotropic CET universe becomes isotropic one for large V due to classical matter
effects.
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The situation for extremely small V is different. The properties of the CET universe will
depend on the value of γ . From equation (11)

V̇ =
√

3k2
4ρ0V 2−γ + b. (14)

For γ = 3/2, the solution takes the form

a1 = 9a2/3(t − t0)
4/9

4c2
, a2 = c(t − t0)

4/9, V = 9

4
a2/3(t − t0)

4/3. (15)

Here, c is the constant of integration and a = 1
2k2

4ρ0 also is supposed, that V (t0) = 0. For
γ = 1 the solution cannot be found in analytical form; however we can find the asymptotic
solution at small values of V :

V ∼ (t − t0)
2, a1 ∼ (t − t0)

2/3, a2 ∼ (t − t0)
2/3. (16)

It is visible that in this case a solution is also isotropic. However, it is necessary to note
that at increased t this isotropy will be broken. But at sufficiently large values of V the solution
becomes isotropic again.

Hence, we finished the review of the anisotropic CET universe. It is found that even for
small cosmological time the process of isotropization starts quickly.

2.3.

In this subsection, we consider the brane cosmology with zero Weyl tensor which is natural
for 5D AdS bulk. The Einstein equations and evolution law of the energy density take the
form

ȧ2
2

a2
2

+ 2
ȧ1ȧ2

a1a2
+

1

a2
2

= � + k2
4ρ +

1

12
k4

5ρ
2,

2
ä2

a2
+

ȧ2
2

a2
2

+
1

a2
2

= � + k2
4ρ(1 − γ ) +

1

12
k4

5ρ
2(1 − 2γ ),

ä1

a1
+

ä2

a2
+

ȧ1ȧ2

a1a2
= � + k2

4ρ(1 − γ ) +
1

12
k4

5ρ
2(1 − 2γ ),

ρ̇ + γρ

(
ȧ1

a1
+ 2

ȧ2

a2

)
= 0.

(17)

Equation (17) can be easily solved:

ρ = ρ0V
−γ , ρ0 = constant > 0.

We can rewrite the above equations in another form:

d

dt
(V H1) = �V +

1

2
k2

4ρ0V
1−γ (2 − γ ) +

1

12
k4

5ρ
2
0V

1−2γ (1 − γ ),

d

dt
(V H2) = �V +

1

2
k2

4ρ0V
1−γ (2 − γ ) +

1

12
k4

5ρ
2
0V

1−2γ (1 − γ ) − a1,

3Ḣ + H 2
1 + 2H 2

2 = � +
1

2
k2

4ρ0V
−γ (2 − 3γ ) +

1

12
k4

5ρ
2
0V

−2γ (1 − 3γ ).

From the first two equations the equation for V can be obtained:

V̈ = 3�V +
3

2
k2

4ρ0V
1−γ (2 − γ ) +

1

4
k4

5ρ
2
0V

−2γ (1 − γ ) − 2a1. (18)
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It is easy to show that from these equations we can formally get the same equations as in
conventional Einstein theory:

H1 = H +
2

3V
K, H2 = H − 1

3V
K,

K =
∫

a1 dt, −2a1V +
4

3

∫
a1 dV +

2

3

(∫
a1 dt

)2

= 0.

The asymptotic behaviour for large V has the same form as in CET. However, for extremely
small V one obtains the difference in comparison with CET.

For γ = 1

a1 = 1

c2
2

(c1 +
√

a2 + bt)
1/3− 2

√
b

3
√

a2+b ,

a2 = c2(c1 +
√

a2 + bt)
1/3+

√
b

3
√

a2+b ,

V = c1 +
√

a2 + bt.

Thus, unlike the situation with CET, the analytical solution appears. Nevertheless, the
solution remains anisotropic for KS cosmology.

For γ = 3/2

a1 = 1

c2
2

(
3a

2

)2/3

(t − t0)
2/9,

a2 = c2(t − t0)
2/9,

V =
(

3a

2

)2/3

(t − t0)
2/3.

Here b, t0, c2 are constants, a2 = 1
4k4

5ρ
2
0 .

3. Discussion

In summary, we compared the KS brane cosmology with the KS cosmology for Einstein theory
for several classical matter choices.

We demonstrated that in contrast to CET with γ = 1, brane KS universe remains
anisotropic. For γ = 3/2, brane KS universe becomes isotropic at early times analogous
to the CET case. However, the details of isotropization (scale factors) are slightly different,
which shows the role of five-dimensional bulk.

It is possible to show that the asymptotical behaviour of a solution at γ = 2 will be similar
to the case γ = 3/2—it will be isotropic in both models (CET and brane cosmology).

One can also consider the simple case, when a1 = const. For CET we get the exact
solution

a2 = ±
√

k2
4ρ0

a2
1

− t2 + 2tc − c2.

Here c is an integration constant, � = 0, γ = 2. However, for brane cosmology there is no
exact solution. This shows the qualitative difference between CET and brane cosmology.

It would be really interesting to understand the role of quantum effects like in brane new
world scenario [7] in the above KS brane cosmology. In particular, it is expected that quantum
effects may lead to isotropic cosmology even for an initially anisotropic brane universe as
happens for standard Einstein theory [8]. Another interesting topic could be the generalization
of the discussion for brane wormholes (see [9] for a recent discussion).
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